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moduli ( $\equiv$ )
\S 1. .
$E$ $\mathbb{C}$ :
$E:y^{2}=x(x-1)(x-\lambda)$ , $\lambda\in \mathbb{C}-\{0,1\}$ .
$E$ $\infty,$ $0,1,$ $\lambda$ $\mathrm{P}^{1}$ double cover $E$ de Rham cohomology $H_{\dot{D}R}(E/\mathbb{C})$
( $C^{\infty}-$ , analytic de Rham, algebraic de lffiam 3 )
de Rham $I^{\dot{*}}$ : $H_{DR}^{i}(E/\mathbb{C})\simarrow H^{i}(E, \mathbb{Z})\otimes_{\mathbb{Z}}\mathbb{C}$
$H_{1}(E, \mathbb{Z})\mathrm{x}H^{1}DR(E/\mathbb{C})arrow \mathbb{C}$ ,
$([ \gamma],[\eta])\mapsto\int_{\gamma}\eta$
$\mathrm{w}\mathrm{e}\mathrm{l}1-\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{d}_{\circ}\alpha,$ $\beta$ $H_{1}(E, \mathbb{Z})$ $\delta,$ $\epsilon$ $H^{1}(E, \mathbb{Z})$ dual
$\eta\in H_{DR}^{1}(E/\mathbb{C})$
(1.1) $I( \eta)=(\int\alpha\eta)\delta+(\int_{\beta}\eta)\epsilon$ .
$\eta$ -\eta
(1.2) $I( \overline{\eta})=(\int\alpha\overline{\eta})\delta+(\int_{\beta}\overline{\eta})\epsilon$ .
(de Rham theorem for intersection):
$H^{1}(E, \mathbb{C})\cross H^{1}(E, \mathbb{C})$ $arrow H^{2}(E, \mathbb{C})$
$\mathrm{t}\uparrow I^{1}\cross I^{1}$ $0$ $\mathrm{t}\uparrow I^{2}$
$H_{DR}^{1}(E/\mathbb{C})\cross H_{DR}^{1}(E/\mathbb{C})\wedge-H_{D}^{2}R(E/\mathbb{C})$ .
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$0$ holomorphic 1-form $\eta$
$<I^{1}(\eta),$ $I^{1}(\overline{\eta})>=I2(\eta\wedge\overline{\eta})$
(1.1), (1.2)
$<I^{1}(\eta),$ Il $( \overline{\eta})>=(\int_{\alpha}\eta\cdot\int_{\beta}\overline{\eta})<\delta,$ $\epsilon>-(\int_{\beta}\eta\cdot\int_{\alpha}\overline{\eta})<\delta,$ $\epsilon>$
$=\eta_{1\overline{\eta 2}^{-\eta 2\overline{\eta_{1}}}}$
$\eta_{1}=\int_{\alpha}\eta,$ $\eta_{2}=\int_{\beta}\eta$ –
$I^{2}( \eta\wedge\overline{\eta})=\int_{E(\mathbb{C})}\eta\wedge\overline{\eta}=-2\pi i$ .
$\frac{1}{2\pi i}(\eta 1\overline{\eta 2}-\eta 2\overline{\eta 1})<0$.
$\eta_{1}\overline{\eta_{1}}>0$
$\frac{1}{2\pi i}\{(\frac{\overline\eta_{2}}{\eta_{1}})-\frac{\eta_{2}}{\eta_{1}}\}<0$.
$\tau:=\eta_{2}/\eta_{1}$ ${\rm Im}(\tau)>0$ .
$\xi:\mathbb{Z}\oplus \mathbb{Z}\simarrow H1(E, \mathbb{Z})$ , $(1,0)\mapsto\alpha,$ $(0,1)\mapsto\beta$
1 fix (homology rigidification)
$—:\mathbb{C}^{\sim}arrow\Gamma(E, \Omega^{1})E$
’ $1\mapsto.\omega$
1 fix $E,$ $(\alpha, \beta),$ $\omega$ 1 $(E, (\alpha, \beta), \omega.)$ $(E, (\alpha, \beta),\omega)$
$( \mathbb{C}\cross \mathbb{C})_{R}i\mathrm{e}m:=\{(\omega_{1}, \omega 2)\in \mathrm{c}2|\frac{1}{2\pi i}(\omega_{1}\overline{\omega_{2}}-\overline{\omega 1}\omega 2)<0\}$
$( \int_{\alpha}\omega, \int_{\beta}\omega)$ $\mathbb{C}^{*}=\mathbb{C}-\{0\}$ $(\mathbb{C}\cross \mathbb{C})R\dot{\cdot}em$
$(\mathbb{C}\cross \mathbb{C})Ri\text{ }m/\mathbb{C}^{*}arrow \mathfrak{H}$, $(\omega_{1}, \omega_{2})\mapsto\omega_{2}/\omega_{1}$
$\mathfrak{H}=\{\tau\in \mathbb{C}|{\rm Im}(\mathcal{T})>0\}$ $H_{1}(E, \mathbb{Z})$
$=\gamma(_{\beta}^{\alpha})$ , $\gamma\in SL2(\mathbb{Z})$
$\int_{\beta’}\omega/\int_{\alpha’}\omega=\gamma(\int_{\rho}\omega/\int_{\alpha}\omega)$
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moduli $SL_{2}(\mathbb{Z})\backslash \mathfrak{H}=SL2(\mathbb{Z})\backslash SL2(\mathbb{R})/SO(2)$
. $\eta_{1},$ $\eta_{2}$ $E$ period $\eta_{1},$ $\eta_{2}$ $\eta_{1}(\lambda),$ $\eta 2(\lambda)$
$\eta_{1}(\lambda),$ $\eta 2(\lambda)$ Gauss
(1.3) $\lambda(1-\lambda)u//+(1-2\lambda)u’-\frac{1}{4}u=0$
1 $\omega=u,$ $\eta=u’$ (1.3)
(1.4) $\frac{d}{d\lambda}=$
– Gauss-Manin connection integrable (
flat) connection
\S 2. .
$\mathbb{C}$ abelian variety $A$ $\mathbb{C}$ $A$
dual complex torus $\hat{A}$ $\mathrm{P}\mathrm{i}_{\mathrm{C}}^{0}(A)$ – $A$ polar-
ization isogeny $Aarrow\hat{A}$ $A$ ample line bundle $\mathcal{L}$ $a\mapsto$
$t_{a}^{*}\mathcal{L}\otimes \mathcal{L}-1$ $t_{a}$ $A$ $a$ translation
$\circ$
$\mathcal{L}$ $A$ polarization $\mathcal{L}$ first Chern class $H=c_{1}(\mathcal{L})$ positive
definite hermitian form $H$ type $(1, \cdots, 1)$ $\mathcal{L}$ principal
$A$ polarization $\mathcal{L}$ $(A, \mathcal{L})$ polarized abelian variety
$\mathbb{C}$ principally polarized abelian sufface $\circ$
moduli 2
(1) $H^{1}(A, \mathrm{c})$ :
$(A, \mathcal{L})$ principally polarized abelian surface $\{\alpha_{1}, \alpha_{2,\mathrm{a},4}\alpha\alpha\}$ $H_{1}(A, \mathbb{Z})$
$\{\delta_{1}, \delta_{2}, \delta_{3}, \delta_{4}\}$ $H^{1}(A, \mathbb{Z})$ dual $\{\alpha:\},$ $\{\delta_{j}\}$
$c_{1}(\mathcal{L})$ $\omega$
(21) $\omega=\delta_{1^{\wedge}}\delta_{3}+\delta 2\wedge\delta 4$
$\eta_{1},$ $\eta_{2}$
$H^{1}(A, \mathbb{C})$ ‘




$+$ $\sum(\overline{\pi_{1\alpha}\pi_{3}\rho}+\overline{\pi 2\alpha\pi 4\rho})\overline{\eta_{\alpha}}\wedge\overline{\eta\beta}$
$\alpha,\beta=1,2$




(2.2) $t_{\Pi Q\Pi=0}$ .
$\omega$




$\Omega\Pi=1_{2}$ , $\Omega\overline{\Pi}=0$ .
(2.2), (2.3)
$\Omega Q^{-1t}\Omega=0$ , $-i\Omega Q^{-1t}\overline{\Omega}>0$ .
$A,$ $\{\alpha_{i}\},$ $\{\eta_{j}\}$ $(A, \{\alpha:\}, \{\eta_{j}\})$
$M(2,4;\mathbb{C})_{R}iem:=\{\Omega\in M(2,4;\mathbb{C})|\Omega Q^{-1t}\Omega=0, -i\Omega Q^{-1}{}^{t}\overline{\Omega}>0\}$
$( \int_{\alpha_{\mathrm{j}}}\eta_{i})$ $GL_{2}(\mathbb{C})$ $M(2,4;\mathbb{C})_{R}i\mathrm{e}m$ $(M, \Omega)\mapsto M\Omega$
$W=$
$M(2,4;\mathrm{c})_{Ri}\mathrm{e}m/GL_{2}(\mathbb{C})arrow \mathfrak{H}_{2}$ , $\Omega\mapsto V^{-1}U$ $(\Omega W^{-1}=(U, V))$
(V ) $\mathfrak{g}_{2}$ 2 Siegel
: $r$
$ff_{2}=\{Z\in M_{2}(\mathbb{C})|{}^{t}Z=Z, {\rm Im} Z>0\}$ .
$H_{1}(A, \mathbb{Z})$ Riemann form fix
$Sp_{2}(\mathbb{Z})=\{g\in cL2(\mathbb{Z})|gQ^{t}g=Q\}$
$H_{1}(A, \mathbb{Z})$









Q h principally polarized abelian sufface moduli
$Sp_{2}(\mathbb{Z})\backslash \mathfrak{H}2=Sp2(\mathbb{Z})\backslash s_{p_{2}}(\mathbb{R})/Sp_{2}(\mathbb{R})\cap O_{4}(\mathbb{R})$
(2) $H^{2}(A, \mathbb{C})$ :
(1)
$\omega’\in\Gamma(A, \Omega_{A}2)-\{0\}$ $\Gamma(A, \Omega^{2})Arightarrow H^{2}(A, \mathbb{C})$
$\omega’=c\cdot\eta!\wedge\eta_{2}$ , $c\in \mathbb{C}^{*}$
$\{\delta\dot{\iota}\wedge\delta j\}i<j$ $H^{2}(A, \mathbb{Z})$ (2.4) cohomology
de Rham (wedge cup ) $\omega’$
$\omega’=C\cdot\sum_{i,j=1}^{4}(\int_{\alpha}:\eta_{1}\int\alpha \mathrm{j}\eta_{2})\delta i\wedge\delta j$
$=c \cdot\sum_{ji<}\triangle_{iji}\delta\wedge\delta_{j}$
$\text{ ^{ _{}\circ}}\text{ _{ }}$
$\triangle_{ij}=$
$\Gamma(A, \Omega^{2})A$ PlUUcker $\omega’$
$<c_{1}(c),\omega>=<\omega’,\omega>=0,$$<\omega’,\ov rline{\omega’}>>0l$’
$(A, \{\alpha_{i}\})$







$D$ $\subset Q^{3}$ $\subset \mathrm{P}^{4}$
$Q^{3}$ (2.6) $\mathrm{P}^{4}$ 2 $D$
$Q^{3}$ $H_{2}(A, \mathbb{Z})$ $Q,$ $c_{1}(\mathcal{L})$ fix $\Gamma_{\mathbb{Q}}$
principally polarized abelian sufface moduli $\Gamma_{\mathbb{Q}}\backslash D$ $\text{ }$
(1), (2) moduli
$\Gamma_{\mathbb{Q}\backslash D\simeq^{s_{p}}}2(\mathbb{Z})\backslash \mathfrak{h}_{2}$
\S 3. K3 .
first Betti number $0$ K3
$X$ K3 k– $\text{ _{ }}$
$H_{1}(X, \mathbb{Z})=\{0\}$ , $H_{DR}^{1}(x/\mathbb{C}\rangle=\{0\}$ .
$H^{2}(X, \mathbb{Z})$ rank 22 $\mathbb{Z}-$
$I^{2}$ : $H_{DR}^{2}(X/\mathbb{C})^{\sim}arrow H^{2}(x, \mathbb{Z})\otimes_{\mathbb{Z}}\mathbb{C}$
$H^{2}(X, \mathbb{C})$ Hodge $h^{2,0}=h^{0,2}=1\cdot;h^{1,1}=20$ $X$
geometric genus $p_{g}$ 1 $\text{ }$
$H_{2}(X, \mathbb{Z})$ $\{\gamma_{1}, \cdots, \gamma_{22}\}$ $\{\delta_{1}, \cdots, \delta_{22}\}$ $H^{2}(X, \mathbb{Z})$ $\{\gamma_{1}, \cdots, \gamma_{22}\}$
dual $\circ$ $\omega\in\Gamma(X, \Omega^{2})\mathrm{x}-\{0\}$ $H_{DR}^{2}(X/\mathbb{C})$
$I^{2}( \omega)=\sum_{=i1}^{22}(\int_{\gamma}.\cdot\omega)\delta i$













$X$ ample hine bundle $X$ polarization $0\mathcal{L}$ $X$ polarization
$X$ $L$ (X, $\mathcal{L}$ ) polarized K3 sufface $\mathcal{L}$ ample $\mathcal{L}$
first Chern class $c_{1}(L)$ $c_{1}(\mathcal{L})^{2}>0$ $\mathcal{L}=\mathcal{O}(D)$ ( $D$ )
$D= \sum_{:^{r_{i}}}D$ : ( $r_{\dot{l}}\in \mathbb{Q},$ $D_{*}:$ )
$<c_{1}(c),$ $I2( \omega)>=\int_{D}\omega=\sum_{i}r:\int_{D}.\cdot\omega$.
$\int_{D:}\omega$ $0$ local $\text{ }\omega=f(Z1, Z2)dZ1\wedge dz2,$ $z1=h_{1}(t),$ $z_{2}=h_{2}(t)$
$\int_{D_{i}}\omega=\int\ell f(z1(t), z2(t))h’(1t)dt\wedge h_{2}^{;}(t)dt=0$
$<c_{1}(\mathcal{L}),$ $I2(\omega)>=0$ .
$c_{1}(\mathcal{L})=(l_{1}, \cdots, l_{22})=^{\iota}$
$(l_{1}$ , $\cdot$ .. , $l_{22})Q=0$
$\omega\in\Gamma(X, \Omega^{2})x-\{0\}$ $(\omega_{1}, \cdots,\omega_{22})$
$D\iota:=\{\xi=(\xi 1, \cdots, \xi_{22})\in \mathbb{C}^{22}|lQ^{t}\xi=\xi Q^{tt}\xi=0, \xi Q\overline{\xi}>0\}$
$D_{l}$
$D_{l}=SO(2+, 19-)/SO(2)\cross SO(19)$
$D_{l}$ IV $H_{2}(X, \mathbb{Z})$ $Q,$ $l$ fix
$\Gamma_{Q,l}$ polarized K3 suffaces moduli
$\Gamma_{Q,l}\backslash D_{l}=\Gamma_{Q,l}\backslash SO(2+, 19-)/SO(2)\cross SO(19)$
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polarized K3 surface IV
singular K3 sur-
faces ( $h^{1,1}=20$ )
(moduli dense ) Shafarevich Piatetski- Shapiro
\S 4. Kuga-Satake varieties.
polarized K3 surface Kuga-Satake variety abelian variety
Clifford algebra
$R$ 2 $R$ $V$ R-
$Q$ $V$ $T(V)$ $V$ $x\otimes x-Q(x)\cdot 1$ $(x\in$
$V)$ $T(V)$ $I(V)$ $C(V, R):=T(V)/I(V)$
Clifford algebra $C(V, R)$ $\alpha$ $\alpha(x)=-X$ $(x\in V)$
–
$C^{+}(V, R):=\{x\in C(V, R)|\alpha(x)=x\}$
even Clifford algebra
(X, $\mathcal{L}$ ) polarized K3 surface $c_{1}(\mathcal{L})$ $H^{2}(X, \mathbb{R})$ $\mathbb{R}C_{1}(L)$
$H^{2}(X, \mathbb{R})$ $M$ $M_{\mathbb{Z}}=M\cap H^{2}(x, \mathbb{Z})$
$C^{+}(M_{\mathbb{Z}}, \mathbb{Z})$ $C^{+}(M, \mathbb{R})$ lattice $A_{X}:=C^{+}(M, \mathbb{R})/C^{+}(M_{\mathbb{Z}}, \mathbb{Z})$
$A_{X}$ abelian variety $M\cap(H^{2,0}(X)\oplus H^{0,2}(X))$
$e_{1},$ $e_{2}$ $e+=e_{1}\otimes e_{2}$ $(e_{1}, e_{2})$ $H^{2,0}(x)=\mathbb{C}(e_{1}-$
$ie_{2})$ $x\mapsto e+\otimes x$ $C^{+}(M, \mathbb{R})$
$A_{X}$ complex torus o $C^{+}(M, \mathbb{R})$ Riemann form $H$
$H(x, y)=\mathrm{t}\mathrm{r}(a\otimes x\otimes\iota(y))$
$0$
$\iota$ $C^{+}(M, \mathbb{R})$ canonical involution $a$ $\iota(a)=-a$
$C^{+}(M_{\mathbb{Z}}, \mathbb{Z})$ $H(x, e_{+}\otimes y)$
$A_{X}$ Kuga-Satake (abelian) variety $C^{+}(M, \mathbb{R})$ $\mathbb{R}$
$2^{20}$ $A_{X}\cong \mathbb{R}^{2^{20}}/\mathbb{Z}^{2^{20}}$ $4x$ $2^{19}$
variety
$A_{X}$ principally polarized abelian variety $Sp(2^{19}, \mathbb{Z})\backslash \mathfrak{H}_{2}19$
$(Sp(2^{19}, \mathbb{Z}),\mathfrak{H}_{2^{19}}$ $S_{P2}(\mathbb{Z}),ff2$ 2 $2^{19}$
) (X, $\mathcal{L}$ ) $A_{X}$
$\mathrm{r}_{Q,l}\backslash D\iotaarrow Sp(2^{19}, \mathbb{Z})\backslash \alpha_{2^{1}}9$
$D_{l}rightarrow \mathfrak{H}_{2^{19}}$ $SO(2+, 19-)$ Spinor Spin$(2,19)$ $Sp(2^{19}, \mathbb{R})$
even Spinor representation
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. $Pg=1\backslash$ elliptic sufface (homotopy K3 sufface) abelian sufface
Kuga-Satake variety homotopy $\mathrm{K}3$ sufface $\text{ }$
Morgan and O’Grady [5] abelian sufface Morrison [6]. .
\S 5. K3 family.
$l=(l_{1}, \cdots, l_{6})$ $\mathrm{P}^{2}$ \emptyset - 6 $S’(\iota)$ $\mathrm{P}^{2}$
double cover $l$ branch : $\pi$ : $S’(\iota)arrow \mathrm{P}^{2_{\circ}}S’(\iota)$ 15
$:pij$ $=l_{i}\cdot l_{j\circ}\rho$ : $S(l)arrow S’(\iota)$ desingularization $S(l)$
K3
1. $H$ $\mathrm{P}^{2}$ Y $\tilde{H}=(\pi 0\rho)^{-1}(H)$ $D_{\dot{\iota}j}.$
,
$pij$
$c_{1}(D_{ij})\cdot c1(D_{k\iota)}=0 (D_{*j}.\neq D_{kl}), C_{1}(D_{i}j)^{2}=-1,$ $c_{1}(\tilde{H})^{2}=2$ .
$L_{0}=\mathbb{Z}c_{1}(\tilde{H})\oplus_{\dot{*}<j}\mathbb{Z}c_{1}(D_{ij})$ $L_{0}$ $H^{2}(S(l), \mathbb{Z})$ sublattice signature
$(1+, 15-)$ $($ Hodge index theorem $)_{\circ}L$ $L_{0}$ $H^{2}(S(l), \mathbb{Z})$
$L$ rank 6 $\mathbb{Z}-$ signature $(2+, 4-)$
$L$ $\{\gamma_{1}’, \cdots,\gamma_{6}’\}$ intersection form $<\gamma_{i}’,$ $\gamma_{j}’>$
$A=2$ , $U=$
$\{\gamma_{1}, \cdots,\gamma_{6}\}\subset H_{2}(S(l), \mathbb{Z})$ $\gamma_{i}’\cdot\gamma_{j}=\delta_{ij}$




$\{z=(Z_{1}, \cdots, z_{6})\in \mathbb{C}^{6}|<Z,$ $z>=^{\mathrm{o},0\}}.<Z,\overline{Z}>>$
$( \int_{\gamma_{1}}\omega, \cdots, \int_{\gamma_{6}}\omega)$ 2 $S(l)$
1 $D$ $D$ $GL_{6}(\mathbb{Z})$
$D$ $S(l)$ mod-
$\mathrm{u}\mathrm{l}\mathrm{i}$ $D$ $SO\mathrm{o}(2,4)/I\mathrm{f}$ $SO0(2,4)$
SO$(2,4)$ $K$ $SO\mathrm{o}(2,4)$ maximal compact subgroup
2. $l$ 1 conic $F$ $q_{j}$ $(j=1, \cdots, 6)$
o $C$ $F$ double cover $q_{j}$ $(j=1, \cdots, 6)$
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$C$ genus 2 hyperelliptic curve $S(l)$ Kummer sufface
abelian variety $C$ Jacobian $J(C)$ o $S(l)$ Kuga-Satake
variety $J(C)$ isogenous $S(l)$
Kuga-Satake variety
$l$ Paranjape [7] $S(l)$ Kuga-Satake variety
$S(l)$ Kuga-Satake variety 4 abelian
variety $A(l)$ isogenous abelian variety family
o $A(l)$ principally polarized abelian variety
$\theta:\mathbb{Z}[\sqrt{-1}]arrow \mathrm{E}\mathrm{n}\mathrm{d}(A(l))$
| $A(l)$ tangent space $T(A(l))$ $\theta$ induce





$S(l)$ moduli $\Gamma\backslash SO_{0}(2,4)/K$ $\Gamma$ $SO\mathrm{o}(2,4)$
arithmetic subgroup $A(l)$ moduli $\Gamma’\backslash SU(2,2)/K’$
$\circ$ $I\mathrm{t}’’=S(U(2)\cross U(2))$ $SU(2,2)$ maximal compact subgroup
$\Gamma’$ $SU(2,2)$ arithmetic subgroup
$\Gamma\backslash SO_{0}(2,4)/K\simeq\Gamma’\backslash SU(2,2)/K’$
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